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ABSTRACT: We discuss a deformation of the Hopf algebra of supersymmetry (SUSY) trans-
formations based on the special choice of twist. As usual, algebra itself remains unchanged,
but the comultiplication changes. This leads to the deformed Leibniz rule for SUSY trans-
formations. Superfields are elements of the algebra of functions of the usual supercoordi-
nates. Elements of this algebra are multiplied by using the x-product which is noncommu-
tative, hermitian and finite when expanded in power series of the deformation parameter.
Chiral fields are no longer a subalgebra of the algebra of superfields. One possible defor-
mation of the Wess-Zumino action is proposed and analyzed in detail. Differently from
most of the literature concerning this subject, we work in Minkowski space-time.
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1. Introduction

It is well known that Quantum Field Theory (QFT) encounters problems at very high
energies and very short distances. This suggests that the structure of space-time has to be
modified at these scales. One possibility to modify the structure of space-time is to deform
the usual commutation relations between coordinates; this gives a noncommutative (NC)
space [l]. Different models of noncommutativity were discussed in the literature. One of
the simplest examples is the f-deformed or canonically deformed space-time [f] with

[, 2"] = i6™". (1.1)

Here 6" is a constant antisymmetric matrix. Gauge theories were defined and analyzed
in details in this framework [[f]. Also, a deformed Standard Model was formulated [ and
renormalizability properties of field theories on this space are subject of many papers [fj.

More complicated deformations of space-time, such as k-deformation [ff] and g¢-
deformation [[d] were also discussed in the literature.

In order to understand the physics at very small scales better, in recent years at-
tempts were made to combine supersymmetry with noncommutativity. In [§ the au-
thors combine SUSY with the s-deformation of space-time, while in [ SUSY is combined
with the canonical deformation of space-time. In series of papers [I(-[J] a version of
non(anti)commutative superspace is defined and analyzed. The anticommutation relations

between the fermionic coordinates are modified in the following way

{0°%0°} =C, {04504} ={0" %04} =0, (1.2)



where 0% = OB is a complex, constant symmetric matrix. Such deformation is well
defined only in Euclidean space where undotted and dotted spinors are not related by the
usual complex conjugation. Note that the chiral coordinates y™ = 2™ + ifc™6 commute
in this setting.

In [[J] the notion of chirality is preserved, i.e. the deformed product of two chiral
superfields is again a chiral superfield. On the other hand, one half of N = 1 supersymmetry
is broken and this is the so-called N = 1/2 supersymmetry. Another type of deformation
is introduced in [1Z]. There the product of two chiral superfields is not a chiral superfield
but the model is invariant under the full supersymmetry. The Hopf algebra of SUSY
transformations is deformed by using the twist approach in [1J]. Examples of deformation
that introduce nontrivial commutation relations between chiral and fermionic coordinates
are discussed in [[14]. Some consequences of nontrivial (anti)commutation relations on
statistics and S-matrix are analyzed in [L].

In this paper we apply a twist to deform the Hopf algebra of SUSY transformations.
However, our choice of the twist is different from that in [[3] since we want to work in
Minkowski space-time. As undotted and dotted spinors are related by the usual complex
conjugation, we obtain

{0°56°Y =C, {8305} =Cypy {67%0:3=0, (1.3)

with édB = (Cqp)*. Our main goal is the formulation and analysis of the deformed Wess-
Zumino Lagrangian.

The paper is organized as follows: In section 2 we review the undeformed supersym-
metric theory to establish the notation and then rewrite it by using the language of Hopf
algebras. We follow the notation of [[[§]. By twisting the Hopf algebra of SUSY transfor-
mations, a Hopf algebra of deformed SUSY transformations is obtained in section 3. As the
algebra itself remains undeformed, the full N = 1 SUSY is preserved. On the other hand,
the comultiplication changes and that leads to a deformed Leibniz rule. As a consequence
of the twist, a x-product is introduced on the algebra of functions of supercoordinates.
Sections 4 and 5 are devoted to the construction of a deformed Wess-Zumino Lagrangian.
Since our choice of the twist implies that the x-product of chiral superfields is not a chiral
superfield we have to use (anti)chiral projectors to project irreducible components of such
*-products. In the section 6 the auxiliary fields are integrated out and the expansion in the
deformation parameter of the ”on-shell” action is given. Some consequences of applying
the twist on the Poincaré invariance are discussed in the section 7. Two examples of how to
apply the deformed Leibniz rule when transforming *-products of fields are given. Finally,
we end the paper with some short comments and conclusions.

2. Undeformed SUSY transformations
The undeformed superspace is generated by z, # and 6 coordinates which fulfill

[z, 2] = [, 0% = [2",04] = 0,

{6%,6°} = {9_@’9_6} ={6%0:} =0, (2.1)



with m = 0,...3 and o, = 1,2. These coordinates we call the supercoordinates, to
m

™ we refer as to bosonic and to 0% and 6, we refer as to fermionic coordinates. Also,
2?2 = 2™z, = —(29)? + (21)? + (22)% + (23)2, that is we work in Minkowski space-time
with the metric (—, +,+, +).

Every function of the supercoordinates can be expanded in power series in 6 and 6.
Superfields form a subalgebra of the algebra of functions on the superspace. For a general

superfield F(z,0,0) the expansion in § and 6 reads

F(2,0,0) =f(x) + 0¢(z) + 0x(x) + 00m(z) + 00n(z) + 00" Ov,,
+000X(x) + 000 (x) + 0000d(x). (2.2)

All higher powers of # and # vanish since these coordinates are Grassmanian.

Under the infinitesimal SUSY transformations a general superfield transforms as
0F = (£Q +EQ)F, (2.3)
where ¢ and £ are constant anticommuting parameters and @ and Q are SUSY generators

Qo = 0o — 10" 0%, (2.4)
QY = 9% — 0™ 7Dy .

Using the expansion (R.2) one can calculate the transformation law of the component fields

Ocf = % Pa + EaX?, (2.6)
6§¢a = 2{em + Jn}xo'égd(vm + Z(amf))’ (27)
Gex® = 264 + 5" (— vy + (O f)), (2.8)
6§m = 5@5\0.[ + %gda-mda(amQSa)a (2'9)

1 .
55” = §%a + 55040’72@(87%92&)7 (2.10)
Un(]xo'zéfvm = _i(amQSa)gﬁa%d + 250:5‘@ + Z'O'n;/;gﬁ.(amid) + 2@@45@ (2.11)
OA* = 26%d + 619, (Oym) + 560" & (Dm), (2.12)
Seipa = 260l + 10! o4 E(0) — 20173 O, (213)
) iy 7 _.
fed = L0 (0 X) — (D)0 e (214)

Transformations (R.3) close in the algebra
[6¢,0y) = —2i(na™E& — £0™1)) O (2.15)
We next consider the product of two superfields defined as

F-G=u{F®G}, (2.16)



where the bilinear map p maps the tensor product to the space of functions. The trans-

formation law of the product (R.16) is given by

Je(F-G) = (EQ +EQ)(F - G),
= (6:F) -G+ F - (5:G). (2.17)

The first line tells us that the product of two superfields is a superfield again. The second
line is the usual Leibniz rule.

All these properties we sumarise in the language of Hopf algebras [[q], which will be
useful when we introduce a deformation of the superspace. The Hopf algebra of undeformed
SUSY transformations is given by

e algebra

[557577] = —Qi(ndmg— £ 1) O, [3m,0n] = [37”,55] =0.

e coproduct

A(dg) =0 @1+ 1R, Adp =0, 1+1 0. (2.18)

e counit and antipode

£(0e) =€(0m) =0, S(d¢) = —0¢,  S(Om) = —Om. (2.19)

In the language of generators @, and Qg this Hopf algebra reads

e algebra

{Qon Qﬁ} = {Qda Qg} =0, {Qom ng} = 21’0’72[387717
[8m7an] = [8m7Qa] - [aman] =0. (2.20)

e coproduct

AQo = Qu®1+1®Qn AQs=Qs®1+1® Qq,
Adp, = 0 @14+ 1@ Oy, (2.21)

e counit and antipode

£(Qa) = (Qa) = £(0m) = 0,
S(Qa) = —Qar S(Qa) = —Qar  S(Om) = —hm. (2.22)



3. Twisted SUSY transformations

As in [[[7] we introduce the deformed SUSY transformations by twisting the usual Hopf
algebra (R.1§). For the twist F we choose

1oap 16, .5%088
f:eQC 8a®8g+20dﬁa ®0 ’ (31)

with C*? = CP* a complex constant matrix. Note that C*? and C are related by the
usual complex conjugation. It was shown in [Ig] that (B.1) satisfies all the requirements
for a twist [I]. The twisted Hopf algebra of SUSY transformation now reads

e algebra

{Qa:Qs} = {Qa, Q3 =0, {Qa,Qy} = 2i0™, ;0m,

[0 On] = [0, 0a] = [0, 03] = [Om, Qa] = [Om, Qa] = 0,

{0,05} = {0003} = {05, 95} = {00, Qs} = {06, Q") = 0, (3.2)
{00, Q%} = —i0™ 160, {85, Qu} = —i0"h30m.

e coproduct

AF(Qn) = F(Qa@1+10Qu)F !
= QRQa®14+1®Q,
_%C’aﬁ' (U”Z;Wa%"@m 2%+ 5% U”;{%/aw@m),
Ar(Qa) = Qa®1+1©Q4 (3.3)
+%CO‘5 <a”;d m ® 0 + 0 ® a"};dam>,
Ay = 0n @141 O,
Ay =0, @1 +1R0,, AI=0"®1+1® 0%

e counit and antipode

£(Qa) = £(Qa) = £(0m) = (8a) = £(3) =0,
S(Qa) = —Qay  S(Qa) = —Qa,
S(Om) = —0Om, S(0a) = —0a, S(0%) = —0% (3.4)

Note that only the coproduct is changed, while the algebra stays the same as in the un-
deformed case. This means that the full supersymmetry is preserved. Also note that in
order for the comultiplication for Q. and Q4 to close in the algebra, we had to enlarge the
algebra by introducing the fermionic derivatives 0, and Jy.

The inverse of the twist (B.1)

_ _1lgas _1¢. . 5%edP
Fl = ¢ 30°70a805-3C,;000° (3.5)



defines a new product on the algebra of functions of supercoordinates called the x-product.
For two arbitrary superfields F' and G the x-product is defined as follows

FxG = {F®G}

= {F'F®G}

= e 307003075 p g g (3.6)

= PG = 3(-1)TICY(0,F) - (95G) - 3(~1)/"1C, 50 F)(8°)
—écaﬁcw(aaaﬁ) - (0305G) — ;caﬁc (9°97F)(8°8°G)
—icaﬁédg(aaédp)(aﬁéﬂ'a)
+116( DIFICBCC, 5(020,0%F)(93050°G)

+116( DIFlCoBC, 5C. 50 940V F)(950°0°G)
1caﬁm§c 5C, 500,007 F)(03050°9° G), (3.7)

where |F| = 1 if F' is odd (fermionic) and |F| = 0 if F' is even (bosonic). In the second
line the definition of the multiplication f, is given. No higher powers of C*? and Cd/?
appear since the derivatives 9, and 9% are Grassmanian. Expansion of the x-product (B.7)
ends after the 4th order in the deformation parameter. This is different from the case
of the Moyal-Weyl *,,,,-product [f, (] where the expansion in powers of the deformation
parameter leads to an infinite power series. One should also note that the x-product (B.7)
is hermitian,

(FxG)" =G *F*, (3.8)

where * denotes the usual complex conjugation. This is important for the construction of
physical models.
The *-product (B.7) gives

{671 6%} = C°%, {616,
@ e =0, 7167

Il
= Q\

aB’ { }
[ % 04

Note that the chiral coordinates ¥ do not commute in this setting, but instead fulfill

(3.9)

5] = —090e 4 (7YY, — BhzapCP (0™ 2,
™ 5 0] = iCPa™ 0P, [yt 0] = i0°0™ O (3.10)
Relations (B.9) enable us to define the deformed superspace or ”nonanticommutative
space”. It is generated by the usual bosonic and fermionic coordinates (-1]) while the
deformation is contained in the new product (B.7).
The deformed infinitesimal SUSY transformation is defined in the following way

= (EQ+EQ)F
= Xig* F + Xio» F. (3.11)



Differential operators X o and X are given by

o 1
Xég =¢ <Qa 5Cs 5:(07Qa)d )
— e[ Q4 Ll om0, (3.12)
- [e% 2 /B’y m 9 .
* e & 1 o A
Xg@ = 50'4 (Q + 50 ﬁ(aaQ )6,3)
= & <Q°’Y ! gosy ™0 aﬁ> (3.13)
Note that X™* operators close in the following algebra
{X5. ’;Xéﬁ} ={X%, ’,*Xée} =0, {X7, ’,*Xée} = 2i0" 4, Om. (3.14)

This is just a different way of writing the algebra (B.J). Differential operators X* are
mentioned in 1], however no detailed analysis is preformed. In [RT] the authors discuss
the Supersymmetric Quantum Mechanics with odd-parameters being Clifford-valued and
the operators similar to (B.13) and (B-I3) arise.

The deformed coproduct (@) insures that the x-product of two superfields is again a
superfield. Its transformation law is given by

G (F*G) = (£Q +EQ)(F xG), (3.15)
= i {AFGF 9 Q).
with
AF(@) = F(to1+108)F !
— S el+1e8+ icaﬁ (£70"830m © 9 + 95 © €030 )
—; Cap (67032150, © 07 + 0% @ €°0"5700), ).
This gives

GE(F*G) = (0iF) G+ F % (6G)
4 caﬁ(sv (OnF) % (95C) + <aaF>*s*a%<amG>> (3.16)

<ga V(D F) % (0°G) + (9F) % £%0™ evﬁ(ama))

wl~

4. Chiral fields

Having established the general properties of the introduced deformation we now turn to
one special example, namely we study chiral fields. In the undeformed theory chiral fields
form a subalgebra of the algebra of superfields. In the deformed case this will no longer be
the case.



A chiral field ® fulfills Dy ® = 0, where Dy = —0, — i0%0™ . Op is the supercovariant
derivative. In terms of component fields the chiral superfield ® is given by
®(z,0,0) = A(z) + V20U, () + 00 H (z) + i05'0(9,A(x))

i « m o 1 Y}
= 500(0m " (2))0"6 0% + 200000 A(w)) (4.1)

Under the infinitesimal SUSY transformations (P.J) component fields transform as fol-

lows [L4]
A = V280, (4.2)
Setha = iV20™ 4 E4 (O A) + V26, H,
S H = iV/266™ (O)).
The x-product of two chiral fields reads
02
2
a 1 A m
+0 (2\/5%/1 - ECWC P (Omt?)o™ 0" ﬁd(alA)>

1 — 1 -
Db = A2 - —H>+ anﬁca%’gdal 55O A)(DA) + aCZCQ(DA)2

1

2
100 <

20565 D) H -+ 00 (2AH — )

N

2
_ %(HDA - %(amz/z)amﬁl(alw))>

N _mp 1 aB Aap
+ifo 9((amA2) + 0 C 0000 Bﬁ.(DA)(alA))
V3000555 (D (10 A)) + iaaa‘e‘(mﬂ), (4.5)

where C? = Co‘ﬁCV‘Semeﬁ(g and C? = C’dﬁéﬁsed%ﬁs. One sees that due to the 6 and the
60 terms ([.§) is not a chiral field. However, in order to write an action invariant under
the deformed SUSY transformations (B.11) we need to preserve the notion of chirality.
This can be done in different ways. One possibility is to use a different x-product, the one
which preserves chirality [[[3]. However, chirality-preserving x-product implies working in
Euclidean space where § # (0)*. Since we want to work in Minkowski space-time we use the
*-product (B7) and decompose *-products of superfields into their irreducible components
by using the projectors defined in [L].
The chiral, antichiral and transversal projectors are defined as follows

1 D2D?
P p— —_— 4.
71 O (4.6)
1 D2D?
P o= — 4.
2716 O (4.7)
1DD?D
Pp=—= . 4.8
r S (4.8)

In order to calculate irreducible components of the x-products of chiral superfields, we

first apply the projectors ({.6)-(.§) to the superfield F' (2.2). From the definition of the



supercovariant derivatives

Dy = 0o +i0™ 4090, (4.9)
Dg = —04 — i0%0™. O, (4.10)
follows
D? = D* D = —"78,05 + 2= 6" 107000, — 000, (4.11)
D? = DsD% = €%%05,8, + 2i0°0", %7950, — 09D, (4.12)

Let us start with P and calculate first
D2F = —4m — 20, (2X% + 6" (Ona) ) + 4i60'0(O1m)
—éé(4d L Of - 22'(3,”@”))
— 609~ <2¢a”;d(amv) + (D%)) — 0006(0m). (4.13)
Then we have
D2D2F = 4(4d + Of = 2i(00™)) + 8% (2i0"26(0nA%) + (D60
+1600(0m) + 4i00'0 <4ald o0f — 21’(8m8wm))

+46060,, <2D5\d + z’&mda(amm%))

+0000 (4Dd +O%f - 2¢Damvm>. (4.14)
This gives
1 D?>D?
PQF == 1_6 D
1<d Lo m)+1mf>+\/§aa< L pm (O A%) 4 — ¢>
= = — 5 Omv - ———0 2&\Om — =@«
O 2 4 V20 2v/2
_(d i 1
.n 1l ~ v m -
+00m + ibo 98’(5 (O™ + f) (4.15)

1~ (1 <5 ? : 1 i 1
+—=0004( —=\" + —=5""*(Omba) | +-0000( d — =(0mv™) + =0 ).
V2 <\/§ N )> 1 ( g (Om™) 7 f)

The superfield ({.15) is a chiral field with the components

1 i1
scalar: A= g <d - 5(8mv )+ ZDf), (4.16)
spinor: 1, = ﬁa"&d(@mxd) + %(JSQ, (4.17)
auxiliary field: H =m. (4.18)

In general, some of these component fields will be nonlocal due to 1/J in the definition of

the projector Ps.



A calculation analogous to the previous one leads to

1 D?D?
PF = 6 0
—i<d+i(a vm)+1Df>+\f9 ( g"ma () )+Ld>
- O g \Tm 4 \/_|:| mPa 2\/§X
- ~_(d 7
Cpdga (Lt my 4 -
+600n — 105" 00, <D * 50 (Omv™) + 4f> (4.19)

1 - 1 7 . 1 7 1
= 000° (= — ——0™ . (D X) ) + ~0086( d + L(Oo™) + ~0OF ),
757 (590~ 5 ia(0nx")) + g0+ 50+ 307)

which is an antichiral field with the components

~ 1 ] 1
scalar: A= —= (d + f(amvm) + ZDf>’ (4.20)
—=a 1
spinor T = g™ Opa) + o (4.21)
auxiliary field: H = n. (4.22)

For the completeness we give the action of the transversal projector Pr on the super-
field (R.2). It follows from the identity

Pr=1—-P — P, (4.23)
By using (f.15) and (f.19) we obtain
1 2 1 .1 y
PTF = gf — Ed + 90‘ <§¢O¢ — ZEO'WOL{dam)\a>

5 (1 —a 1 —maa mp _ i l
+04 <§X —i50 mtpa> + 0o 9<vm Dam3w>
16060, Aa 5 " (D, e) | 4 006 L Lgm (OmX®)
& 4 'm®Pa 2@04 40- ac\OmX

%009’0’ <2d - %D f> : (4.24)

5. Deformed Wess-Zumino Lagrangian

In the undeformed theory, Wess-Zumino Lagrangian is given by

Lot -0 _+(50-a +3<I>-<1>-<1>( + e ), (5.1)
0000 2 90 3 06

where m and )\ are real constants, ® is a chiral field and ®T is an antichiral field with
()T = ®. This Lagrangian leads to the SUSY invariant action which describes an
interacting theory of two complex scalar fields and one spinor field. To see this explicitly
we look at each term separately. This analysis is well known but we repeat it nevertheless
to prepare for the analysis of the deformed Wess-Zumino Lagrangian.

,10,



The kinetic term is given by the highest component of the product &1 - ®:

o . I A*DA +i(0)5™p + H*H. (5.2)

Since ®1 - ® is a superfield, its highest component has to transform as a total deriva-
tive, (R.14).

Next we look at the mass term. It is given by the 80 component of ® - ® and the 60
component of ®* - dT:

% (cI> . @‘09 ot qﬂ@) - %<2AH — np + 24 H* — qM). (5.3)

As the pointwise product of two chiral /antichiral fields is a chiral /antichiral field, its 66/00
component transforms as a total derivative (f.4). Note that this is not the case with the
general superfield (.9). Also note that the highest components of ® - ® and &+ - &+
transform as total derivatives. However, these terms are total derivatives themselves ([£1)
and will not contribute to the equations of motion.

The same arguments apply for the interaction term, since ®-® - ® is a chiral field again

and &1 - &1 . ®T is an antichiral field. The interaction term reads

%(@ Yy @(06 + ot Bt qﬁ‘g@) — %(HAQ ~ A+ H*(A%)? — A*M). (5.4)

Thus, we see that chirality plays an important role in the construction of a SUSY invariant
action.

We are interested in a deformation of (B.1) which is consistent with the deformed
SUSY transformations (B.11]) and which in the limit C** — 0 gives the undeformed La-

grangian (B.1).

We propose the following Lagrangian

A
:<1>+<1>( ﬁp@@‘ —P<I>P<I><I>‘ . .
£ * 9999+<2 2(® )99+3 2( * Po(@x ))99+CC ’ (5:5)

where m and A are real constants. Let us analyse (p.§) term by term again.

Kinetic term in (f.5) is a straightforward deformation of the usual kinetic term obtained
by inserting the x-product instead the usual pointwise multiplication. Due to the deformed
coproduct (B.3), ®* x ® is a superfield and its highest component transforms as a total
derivative. The explicit calculation gives

q>+*<1>( = AOA 4 i(0)a™ + HH (5.6)

T 9) = 0 (A7) — (AN 0™+ ™ )

_ 1 i .

+aOm | —= + —=c"" " H" > 5.7
To obtain (p.6)), the partial integration was used. We see from (b.6) that the deformation
is absent, the kinetic term remains undeformed.!

(5"0")% (5%(D14) - () A)

'In the case of the Moyal-Weyl x-product we have [d*z fxmwg = [d*c gxmw f = [ d*z f-g. Therefore,
the free actions for scalar and spinor fields remain undeformed automatically.

— 11 —



Since ® * ® is not a chiral field we have to project its chiral part. This projection is
given by

2
1 _
Py(d+®) = A% — %Hz + %CQCQ(DA)Q

1 — 2
#1500t (@m0 + Zon(Oa) @14))
_|_\/§9a <2waA _ icmgcdﬁg,\/a(am¢p)0n;Bglﬁd(alA)> + 00 <2AH — ¢¢>

2
_ 1 _
+i00*00), [AQ - %HQ + ﬁCZ(JQ(DA)2

HgCC a5 (0 eA) + Fon(OA) @A) )]
+iV/2000,57° 9, (waA - émﬁc‘*dﬁ'ava(amzpp)a@ 50 ﬁd(alA)>
%999‘9‘5 [AQ — %2H2 + ﬁCQC‘Q(DA)Q
+1—zcaﬁcdﬁargdal . ((amA)(alA) + %am((DA)(alA))>]. (5.8)
For the action we take the 80 component of (f.§),

Py (® % @)‘99 = 2AH — . (5.9)

Its transformation law is given by

5t <P2(<I> X ®) ‘99) = 2iV/2E5™ 8, (AD). (5.10)

In a similar way we add the 0 component of P;(®* x ®*+). This component is given by
Pl(q>+*q>+)‘éé — 2A*H — i, (5.11)

which is just the complex conjugate of (5.9) due to the hermiticity of the x-product (B.7).
Again, no deformation is present: the free action remains undeformed. That leads to the
propagators which are the same as in the undeformed theory.

Finally we come to the interaction term. There are few possibilities to project the
chiral part of ® x ® « ®. We take the following projection?

<I>*<I>*<I>—>P2(<I>*(P2(<I>*<I>))>. (5.12)

*Naively, one would take P(® * ® x @)‘994 Despite the fact that P>(® x ® x ®) is a chiral field, its 66

component does not transform as a total derivative and would not lead to a SUSY invariant action. This
strange situation arises because of the 1/0 term in the projector Ps.
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As the complete result is very long we write here only the 86 component

P2(<1>*(P2(<I>*<I>))>‘9€ — 3(A2H — () A) — (’:H3 %CZCQH(DA)Z
#1507 ool (0,)014) + 0, (A @1))
+chﬁédﬁﬂagd%(amw)ag;;(alA) (5.13)
5034 (@A) [A2 C:H2

+1—2caﬁéd%sadapﬁ S <(8SA)(8PA) + %as((DA)(apA)))] .

In the limit C*# — 0 (5.13) reduces to the usual interaction term (F-4). The deformation is
present trough the terms that are of first, second and higher orders in C** and C & Note
that under the integral the last term reduces to a total derivative and therefore will not
contribute to the equations of motion. Also note that if we calculate Py <(P2(<I> * D)) * ‘1>>
instead of (F.13) the only difference will be in the sign of the above-mentioned last term.
We therefore conclude that we can take any combination of these two terms, as long as
the limit C*? — 0 reproduces the undeformed interaction term. For simplicity we take

only (B.13).

The transformation law of (5.13) is given by

a(r(oerim)|,)-

iV2€,,5149, ( CYBG1Bgm

ey ﬁﬁi/)a m (O ACJA) + local terms) (5.14)

The SUSY transformation is a total derivative and reduces to a surface term under the
integral, leading to a SUSY invariant interaction term. However, one should be careful
as (p.14) contains a non-local term. Under the integral it is proportional to

/ dz 5150, (%é@m(anADA)) _ yf dxy, gl (%é@m(anADA)).

If the boundary surface ¥; is at infinity and fields fall off fast enough this integral vanishes.

To rewrite (5.13) in a more compact way we introduce the following notation

Cap = Kap(07€)as, (5.15)
Cap = Kap(67™) o (5.16)

where K, = —Kp, is an antisymmetric complex constant matrix. Then we have
C? = 2K, K%, C?=2K5K* K®K% =0, (5.17)
K:dKab(U”UCdamaab) 456KmaK*” + 8K™ K (g,), ) s (5.18)
ceBGasym ’66 = 8KYK* !, (5.19)
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By using the previous expressions the term (f.13) can be rewritten in the form
1
P, (cI> x (Po(® @))) ‘69 = 3(A%H — ($)A) — T K" K H?

1
+6—4K“bKabK*CdKjdH(DA)2 (5.20)

5K ((0,4)004) + 20,(04)0,0)
— (K™K ™M9(0,0) = 2K LK (0,0)0° % ) (9 A).

Finally, the deformed SUSY invariant Lagrangian is given by

A
L=d"% @(Gm n (%PQ(CP X @)‘09 + 3P, (@ « Py(® @)) ‘69 + cc >
= A*OA +i(Optp)o™ + H*H
m * * T
+E(2AH — )+ 2A%H —wzp)
+)\(HA2 — Ay + H*(A")? — A*w)
A

— S (KK 0(0np) — 2K 3K (0,)0™ ) (9 A)

A *na, . n *M TN ) =a 7 *

— S (KK 0(00) — 2K Kybo™ (0,5 ) (9 A7)

_iKmnKmnH?) _ AK*mnK;n(H*)S
12 12

+%Kle*nl <H(8mA)(6nA) + H*(amA*)(anA*))
A m g-*nl 1 * 1 * *
+SK"E [Hiam((anA)DA> +H Eam((anA OA )]

+1%2K“bKabK*CdKjd (H(DA)2 + H*(DA)*), (5.21)

where the partial integration was used to rewrite some of the terms in (f.21]) in a more

compact way.

6. Equations of motion

By varying the action which follows from the Lagrangian (f.21) with respect to the fields
H and H* we obtain the equations of motion

A A
H* 4+ mA+ \A? — ZK“bKabHQ + EKle*"l (O A) (0, A)

1
+§Kle*"lﬁam((3nA)DA) + %K“bKabK*ch:d(DA)Q =0, (6.1
* *\ 2 )‘ xcd 7% *\ 2 )‘ m *nl * *
H 4 mA™ + MA")? = 2K K (H)? + 2K K™ (0, A7) (0,A7)
1
+§Kle*"laam((8nA*)DA*) + 19%21(“’17(@1(*“! (042 =0, (6.2)
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Unlike the undeformed theory, equations (B.1]) and (f.3) are nonlinear in H and H*. Nev-
ertheless, they can be solved perturbatively. The solutions are given by

H* = —mA — \A% + %K“bKab(mA* + A\(A%)?)?

—%Kle*”l (OmA) (O A) — %Kle*”léam((anA)DA)
A
__KabK K*ch* OA 2
192 ab Cd( )
+%K“bKab(mA* + A(A%)?) %Kle*"l (O A*) (D A™) (6.3)
1
+§Kle*"lﬁam((8nA*)DA*) + %K*CdK:d(mA +AA?)?%| + O(KY),
H = —mA* — \(A%)? + %K*Cd *(mA + XA%)? — %K’”lK*"l(amA*)((?nA*)
A m *nll * * _i ab *cd o *\2
S B 50m (0, AMDAT) — 2o KU Ko KK (0 A7)
+%K*CdK:d(mA + \A?) %Kle*"l(ﬁmA)(anA) (6.4)

+§Kle*"l éam((anA)DA) + %KﬂbKab(mA* + AAM2)?| + O(KY).

These solutions can be used to eliminate the auxiliary fields H and H* from the La-

grangian (5.21]). This gives

with

L="Lo+ Lo+ Ly+OKE), (6.5)

Lo = A'DA+i(0,0)5™ % = NA"G% — AAv) — T (b0 + )
—mPA* A — mAA(A*)? — mAA*A? — N2A%(A%)? (6.6)

A

Lo = DKM K (m(0,4) + QAA(amA)>é((8nA*)DA*)

3
D
3

A ab * *\2 3
+LK Kab(mA A )) +

A

6
A

A

3
)\2

KK (m(0,4%) + 20A° (0, 47)) é((anA)DA)

A

3
EK*Cd * <mA 4 )\A2>

K™ <(mA AA2) (O AP (B A*) + (mA* + A(A*)?)(amA)(anA))

(KK (00) = 2K K™ (0,0)0™4 ) (9 A)

(KK (0nb) = 2K, K" 06 (0,1) ) (9 A7), (6.7)

2
Ly =K m KKK (mA* + A(A*)Z) (OmA™)(0nA”)
)\2

l d 2 2
F O g™ ol pered jex <mA T A ) (O A) (D A)

24
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—iKGbKabK*m"K:nn(mA + AA?)(0A*)?

192
_M%KabKabK*mnK:nn(mA* + )\(A*)2)(E|A)2
2 2
_% KPR KK (mA +14%) " (mA” + A(4")?)
)‘2 m *7 * * * 1
— KT KR K qb((amA )(9p A ))Eap((an)DA)
~ KKK qb((amA)(anA))aap<(an )DA)
)‘2 m g-*nl 7-ab * *\2 * * * 1 * *
— KKK K gy (m AT+ A(A7) )<m(amA ) + 20A* (9, A ))E((anA )DA)
)‘2 m g*nl gked g% 2 1
— KK R (mA + AA )<m(8mA) +2)\A(8mA))E<(8nA)DA)
)‘2 m AN * 1 1 * *
-5 KK K qb—am<(anA)DA)aap<(an )DA)
)‘2 m *70, * * *
LY UKD K% (9, A) (0, A) (9, A*) (9, A%). (6.8)

7. Deformed Poincaré invariance

Before commenting on the Lagrangian (B.J) we shall analyze the consequences of the
twist (B.]) on Poincaré symmetry. As in the case of the f-deformed space, the
sub(Hopf)algebra of translations remains undeformed [RJ]. Therefore we concentrate on
the Lorentz transformations and first review some well known facts and formulas.

Under the infinitesimal Lorentz transformations the coordinates of the superspace

transform as follows

dpx™ = wha", (7.1)

0ulo = W™ (Omn) 05, (7.2)

0u0% = W™ (Tn) %07, (7.3)
where w™" = —w™™ are constant antisymmetric parameters.

The superfield F' (R.2) is a scalar under the Lorentz transformations

F'(2,0,0") = F(x,0,0), (7.4)
or

6, F = F'(2,0,0) — F(x,0,0)
1 _
= —wW" Ly F(x,0,0)

2
= %wm" <xm6n — 2,0 — (Jmne)ag(HO‘@ﬁ + 9580‘)
() (020 + éﬁ'éd)>F(x, 9.9). (7.5)
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To calculate the last line in (7.§) we used (7.1)), (.2) and (7.3). Note that we use the same
notation for transformations of coordinates and for variation of fields. The meaning should
be clear from the context. Using the generators L,,, we can rewrite (1)), (7.2) and ([.9)
in the following way

1
(wam = wmnwn - _iwrsLT'Sxma (76)
mn B 1 mn
(Swea = w (Umn)a 96 = —5(4) Lmneaa (77)
B o 1 _.
0,0 = wmn(a'mn)a'aﬁ = —-w"" Ly, 0°. (78)
B 2
Also,
1
6w9a = —wmn(amn)ﬂaaﬁ = _§wanmn9a- (79)

The Hopf algebra of the undeformed infinitesimal Lorentz transformations is given by

(0w, 0ur] = 6[w,w’]a
A(dy) =0, ®14+11®4,,
e(dw) = 0, S(0w) = —0u- (7.10)

In terms of the generator L,,, the coproduct reads
A(Lmn) = Linn ® 1 +1® L. (7.11)

The twist & (B.1)), when applied to ([.10), gives the Hopf algebra of the deformed
Lorentz transformations

[0, 8] = O
Ax(d,) = .7—“<5w R1+1® 5w)7-“‘1
=0, ®@1+1®34,
—%Co‘ﬁwm"((% ® (0mn€)gy07 + (Omn€)ayd’ ® 03)
1.

=5 Cag™ (0 @ () 3o P + (Byun) pse” 0 © 09),
e(60) =0,  S(6) = —du. (7.12)

The result for the deformed coproduct is the result to all orders, as all higher order terms
cancel since transformations ([.J) are linear in coordinates. The algebra is unchanged, but
the comultiplication, leading to the deformed Leibniz rule, changes. Form ([.12) one can
see that the comultiplication for the deformed Lorentz transformations does not close in
the algebra of Lorentz transformations, but in the bigger algebra with derivatives included.
Therefore, we cannot speak about the deformed Lorentz symmetry but instead we have to
work with the deformed Poincaré symmetry.

Now we give two examples for the application of the deformed Leibniz rule.
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e The *-product of two Grassmanian coordinates should transform as in the unde-

formed case

6.,(0% % 0°%) = —%wm"Lmn(HO‘ *69)

1 1
= 5@ (Omne)s(670" + 0°07) (9@05 + §caﬁ>

_ —wm"<(0mn)f‘6”95 + (amn)feam>. (7.13)

In the second line the x-product is expanded and the definition of L,,, given in ([.§)
is used. Using the deformed coproduct on the other hand gives

6.,(0% % 0°) = (6,0%) 65 + 0%  (6,6°)
—%cmwmn ((apea) 5 (Ton€) o (0709
H(One) ey (970%) % (aoeﬁ)>
- —uﬂ”"<(an”JW90V95-%(anngvﬁeaaw>. (7.14)

Comparing the results (7.13) and ([[.14) we see that due to the deformed coproduct
6% x §P transforms as in the undeformed case. This type of calculation can also be
done for x-products of  coordinates with the same conclusions.

e When the x-product of two chiral fields ®; and ®, is expanded, the term Caﬁwlaww
appears. This term has to transform as a scalar field under the deformed Poncaré
transformations, since it comes from ®;x® which is a scalar field (using the deformed

Leibniz rule of course).

Naively we have

0u(C P ratng) = O ((Buthia)bas + V10 (Gutiag))

= Caﬁwmn <(Jmn)aﬂ/¢1“{w25 + (Jmn)ﬁvwlaw?Y

1

_|_§ (xman — xn(?m) (¢1a7p26)>

# S Lnn(CPratig), (7.15)

with Ly, defined in (7.§). The equality sign in the last line can be achieved by
transforming the fields 1)1, and 193 not as spinor fields (as it was done in ([7.I7)) but
as scalar fields. The reason for this is that indices « and @ are contracted with indices
on C°8, Namely, the twist F (B.1) is a globally defined object [2J]. Therefore, under
the transformations (7.9) and (F.3) the derivatives 0 and d appearing in F transform
in the following way

0000 = 0,04 = 0. (7.16)

Also, C*# and ceB (being complex constants) do not transform. Therefore, all indices
contracted with C*® and C%’ should be understood as scalar (non-transforming)

indices.
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To convince ourselves that this is the right way of thinking let us rewrite C'*3 P1athag
by using the x-product and then use the deformed Leibniz rule to transform it

CPhraibas = —20%10 % 0P1hos — 009 1o,
= =201 % 071ho — (0% % 00)1 g
0u(COP1athag) = —20,(0%P1a * 0%hog) — 0, (0% % 0o )y tbng).  (7.17)

Note that z/)f * Pog = ¢16 Yo3. Also note that J,, in this example is the variation of a
field as in (f.5). Therefore

5w (Hawla) - aa(sw (wla)

1
= gwm"Lmn(Gawm).

Let us calculate the transformation of the first term in ([.17)
0u(0%¢1a % 071h3p) = (6,(0%¢1a)) * (0742p) + (0%1a) * (8,(67 1))
=507 (06" 910)) % (n)o (07 (07423))
() (07 (0710)) * (D5 (0735)))
- %wanmn (eazpm X 05%5) . (7.18)

We conclude that 6%y, 6% 9 is a scalar field. Calculation similar to this shows that
(0« % Ga)¢1ﬂ 1og is also a scalar field. Thus, we have demonstrated that Co‘ﬁi/)laiﬁgg
really transforms as a scalar field.

8. Conclusions and outlook

The Lagrangian (f.J) is the final result of this paper. By construction this Lagrangian is
covariant under the deformed SUSY transformations (B.I])) and leads to a deformed SUSY
invariant action. Note that it is the deformed Leibniz rule which enables this construction.
No new fields appear in the action, the deformation is present only trough some new
interaction terms. The deformation parameter plays the role of a coupling constant and
in the limit C' — 0 the undeformed theory is obtained. If this leads to some new physics
remains to be understood by further analysis of our model.

At the moment we are interested in the renormalization properties of (6.5), first of
all in the cancellation of the quadratic divergences. Let us comment that it is possible to
choose a specific type of deformation, such that it leads to KK, = K *“bK;b = 0. This
choice takes the H? term in (F.2])) to zero and simplifies calculations drastically. More
important, renormalization properties of our model might turn out to be better with this
choice.

One should analyze microcausality of our theory since a non-local interaction term
appears in the action. Also, the construction of gauge theories on this deformed superspace
is planed for future research.
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Concerning different types of deformation, we also analyzed a model with F =
e20*"Da®Djs which leads to the deformation discussed in ). Comments on this work

are planed for the next publication.
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